
Friendly Graph Theory: 
Degree correlations

Introduction to Network Science
Instructor: Michele Starnini — https://github.com/chatox/networks-science-course

https://github.com/chatox/networks-science-course


Contents:

● Assortativity: Degree correlations 
● Friendship Paradox

all related to friendship in social networks!



Degree correlations



● Degree is the main feature of nodes

● In social networks, degree correlations can 
determine connections: assortativity

● Example: very famous people (with millions of 
followers) follow each other

Who is a friend? [Assortativity]



Degrees

Prob. that a randomly chosen 
node has degree k (k-node)

Normalization

# of k-nodes

X

k

Nk = N
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p(k) =
Nk
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p(k) / Nk
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Node i has degree ki: 
number of links incident on this node

High-degree nodes are called hubs, k >>> 1

Prob. of sampling a k-node

hki =
P

k kp(k)

N
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Average degree



Degree assortativity

A.k.a. degree correlation:

• Assortative networks have a core-periphery
structure with hubs in the core

(Ex: social networks)

• Disassortative networks have hub-and-spoke
(or star) structure

(Ex: Web, Internet, food webs, bio networks)



Assortative networks

Positive degree correlations: 
small-degree nodes to small-degree nodes,
hubs to hubs

= #links between k-nodes & k’-nodesEk,k0
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Dis-assortative networks

Negative degree correlations: 
small-degree nodes to hubs

= #links between k-nodes & k’-nodesEk,k0
<latexit sha1_base64="7EVHpeR61SLYN81XIExdQ4zl5zY=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ6kLJbBT0WRfBYwX5Au5Rsmm3DZpM1yQpl6Z/w4kERr/4db/4b03YP2vpg4PHeDDPzgoQzbVz321laXlldWy9sFDe3tnd2S3v7TS1TRWiDSC5VO8CaciZowzDDaTtRFMcBp60gupn4rSeqNJPiwYwS6sd4IFjICDZWat/2sugsOhn3SmW34k6BFomXkzLkqPdKX92+JGlMhSEca93x3MT4GVaGEU7HxW6qaYJJhAe0Y6nAMdV+Nr13jI6t0kehVLaEQVP190SGY61HcWA7Y2yGet6biP95ndSEV37GRJIaKshsUZhyZCSaPI/6TFFi+MgSTBSztyIyxAoTYyMq2hC8+ZcXSbNa8c4r1fuLcu06j6MAh3AEp+DBJdTgDurQAAIcnuEV3pxH58V5dz5mrUtOPnMAf+B8/gBwnY+T</latexit>



Degree correlations

Joint prob. that a random link is 
connected to a k-node & a k’-node

p(k0, k) / Ek,k0
<latexit sha1_base64="cpbxQdtcNtlHn3zrAmd4SaCz334=">AAACA3icbVDLSsNAFJ34rPUVdaebwSKtUEpSBV0WRXBZwT6gDWEynbRDJskwMxFKCLjxV9y4UMStP+HOv3HaZqGtBwYO59zLnXM8zqhUlvVtLC2vrK6tFzaKm1vbO7vm3n5bxonApIVjFouuhyRhNCItRRUjXS4ICj1GOl5wPfE7D0RIGkf3asyJE6JhRH2KkdKSax7ySlCuBqewz0XMVQzTGzcNqkE5y1yzZNWsKeAisXNSAjmarvnVH8Q4CUmkMENS9myLKydFQlHMSFbsJ5JwhAM0JD1NIxQS6aTTDBk80coA+rHQL1Jwqv7eSFEo5Tj09GSI1EjOexPxP6+XKP/SSWnEE0UiPDvkJwzqrJNC4IAKghUba4KwoPqvEI+QQFjp2oq6BHs+8iJp12v2Wa1+d15qXOV1FMAROAYVYIML0AC3oAlaAINH8AxewZvxZLwY78bHbHTJyHcOwB8Ynz8vK5aa</latexit>

X

k,k0

p(k0, k) = 1

<latexit sha1_base64="eug8IMoFkV/XA7z4LvZ0B2w3QuM=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyzSCqXMVEE3QtGNywr2Ae0wZNK0DZNkhiQjlLELf8WNC0Xc+hvu/BvTdhbaeuDC4Zx7ufeeIGZUacf5tpaWV1bX1nMb+c2t7Z1de2+/qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYQ3kz81gORikbiXo9i4nE0ELRPMdJG8u3Drkq4n4blsDiOS2GxHJ7CK+j6dsGpOFPAReJmpAAy1H37q9uLcMKJ0JghpTquE2svRVJTzMg4300UiREO0YB0DBWIE+Wl0/vH8MQoPdiPpCmh4VT9PZEirtSIB6aTIz1U895E/M/rJLp/6aVUxIkmAs8W9RMGdQQnYcAelQRrNjIEYUnNrRAPkURYm8jyJgR3/uVF0qxW3LNK9e68ULvO4siBI3AMSsAFF6AGbkEdNAAGj+AZvII368l6sd6tj1nrkpXNHIA/sD5/AE8glFQ=</latexit>

Normalization
p(k, k0) =

Ek,k0P
k,k0 Ek,k0

=
Ek,k0

Nhki
<latexit sha1_base64="E4ZoqskhoKbGW8N80f0G63q6Vbk="></latexit>

Joint prob. that a random link connects a k-node & a k’-node

X

k,k0

Ek,k0 = Nhki = 2E

<latexit sha1_base64="B2N7H9dTQHHOucqyvweV/R58sSA=">AAACE3icbZBNS8MwGMfT+TbnW9Wjl+AQRWS0U9DLYCgDTzLBvcBaSpplW2ialiQVRtl38OJX8eJBEa9evPltzLoedPpAyI///3lInr8fMyqVZX0ZhYXFpeWV4mppbX1jc8vc3mnLKBGYtHDEItH1kSSMctJSVDHSjQVBoc9Ixw+upn7nnghJI36nxjFxQzTkdEAxUlryzGNHJqGXBifB4aSR37Ub6DDEh4zAADoio1q14Zllq2JlBf+CnUMZ5NX0zE+nH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjHKAh6WnkKCTSTbOdJvBAK304iIQ+XMFM/TmRolDKcejrzhCpkZz3puJ/Xi9Rgws3pTxOFOF49tAgYVBFcBoQ7FNBsGJjDQgLqv8K8QgJhJWOsaRDsOdX/gvtasU+rVRvz8r1yzyOItgD++AI2OAc1ME1aIIWwOABPIEX8Go8Gs/Gm/E+ay0Y+cwu+FXGxzcDJ5z3</latexit>

= #links between k-nodes & k’-nodesEk,k0
<latexit sha1_base64="7EVHpeR61SLYN81XIExdQ4zl5zY=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ6kLJbBT0WRfBYwX5Au5Rsmm3DZpM1yQpl6Z/w4kERr/4db/4b03YP2vpg4PHeDDPzgoQzbVz321laXlldWy9sFDe3tnd2S3v7TS1TRWiDSC5VO8CaciZowzDDaTtRFMcBp60gupn4rSeqNJPiwYwS6sd4IFjICDZWat/2sugsOhn3SmW34k6BFomXkzLkqPdKX92+JGlMhSEca93x3MT4GVaGEU7HxW6qaYJJhAe0Y6nAMdV+Nr13jI6t0kehVLaEQVP190SGY61HcWA7Y2yGet6biP95ndSEV37GRJIaKshsUZhyZCSaPI/6TFFi+MgSTBSztyIyxAoTYyMq2hC8+ZcXSbNa8c4r1fuLcu06j6MAh3AEp+DBJdTgDurQAAIcnuEV3pxH58V5dz5mrUtOPnMAf+B8/gBwnY+T</latexit>

Sum over all 
nodes twice



X

k,k0

Ek,k0 = Nhki = 2E

<latexit sha1_base64="B2N7H9dTQHHOucqyvweV/R58sSA=">AAACE3icbZBNS8MwGMfT+TbnW9Wjl+AQRWS0U9DLYCgDTzLBvcBaSpplW2ialiQVRtl38OJX8eJBEa9evPltzLoedPpAyI///3lInr8fMyqVZX0ZhYXFpeWV4mppbX1jc8vc3mnLKBGYtHDEItH1kSSMctJSVDHSjQVBoc9Ixw+upn7nnghJI36nxjFxQzTkdEAxUlryzGNHJqGXBifB4aSR37Ub6DDEh4zAADoio1q14Zllq2JlBf+CnUMZ5NX0zE+nH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjHKAh6WnkKCTSTbOdJvBAK304iIQ+XMFM/TmRolDKcejrzhCpkZz3puJ/Xi9Rgws3pTxOFOF49tAgYVBFcBoQ7FNBsGJjDQgLqv8K8QgJhJWOsaRDsOdX/gvtasU+rVRvz8r1yzyOItgD++AI2OAc1ME1aIIWwOABPIEX8Go8Gs/Gm/E+ay0Y+cwu+FXGxzcDJ5z3</latexit>

= #links between k-nodes & k’-nodesEk,k0
<latexit sha1_base64="7EVHpeR61SLYN81XIExdQ4zl5zY=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ6kLJbBT0WRfBYwX5Au5Rsmm3DZpM1yQpl6Z/w4kERr/4db/4b03YP2vpg4PHeDDPzgoQzbVz321laXlldWy9sFDe3tnd2S3v7TS1TRWiDSC5VO8CaciZowzDDaTtRFMcBp60gupn4rSeqNJPiwYwS6sd4IFjICDZWat/2sugsOhn3SmW34k6BFomXkzLkqPdKX92+JGlMhSEca93x3MT4GVaGEU7HxW6qaYJJhAe0Y6nAMdV+Nr13jI6t0kehVLaEQVP190SGY61HcWA7Y2yGet6biP95ndSEV37GRJIaKshsUZhyZCSaPI/6TFFi+MgSTBSztyIyxAoTYyMq2hC8+ZcXSbNa8c4r1fuLcu06j6MAh3AEp+DBJdTgDurQAAIcnuEV3pxH58V5dz5mrUtOPnMAf+B8/gBwnY+T</latexit>

Sum over all 
nodes twice

qk /
X

k0

Ek,k0 = kNk

<latexit sha1_base64="M+Wl4ec/dexreF6vS//W3W3vwIw=">AAACJHicbVDLSgMxFM3UV62vUZdugkV0UcpMFRREKIrgSirYVugMQyZN2zCZyZhkhDL0Y9z4K25c+MCFG7/FtB2ktl7yOJxzD8k9fsyoVJb1ZeTm5hcWl/LLhZXVtfUNc3OrIXkiMKljzri485EkjEakrqhi5C4WBIU+I00/uBjqzQciJOXRrerHxA1RN6IdipHSlGee3nsBdEq/y4kFjxWfYKAjk9BLg/3BpT5L+j6DAbzWNs8sWmVrVHAW2BkogqxqnvnutDlOQhIpzJCULduKlZsioShmZFBwEklihAPUJS0NIxQS6aajIQdwTzNt2OFC70jBETvpSFEoZT/0dWeIVE9Oa0PyP62VqM6Jm9IoThSJ8PihTsKg4nCYGGxTQbBifQ0QFlT/FeIeEggrnWtBh2BPjzwLGpWyfViu3BwVq+dZHHmwA3bBAbDBMaiCK1ADdYDBI3gGr+DNeDJejA/jc9yaMzLPNvhTxvcPWGqg9w==</latexit>

Prob. that a random link 
is connected to a k-node

Total # links 
from k-nodes

X

k

qk = 1
<latexit sha1_base64="kND1dws67OzSYkF6hzw8yTiZVM0=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBb0IRS8eK9gPaNeSTbNtaJJdk6xSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK6nfuuRKs0ieWfGMfUFHkgWMoKNle67OhG9EXqwdYm8XrHklt0Z0DLxMlKCDPVe8avbj0giqDSEY607nhsbP8XKMMLppNBNNI0xGeEB7VgqsaDaT2dXT9CJVfoojJQtadBM/T2RYqH1WAS2U2Az1IveVPzP6yQmvPBTJuPEUEnmi8KEIxOhaQSozxQlho8twUQxeysiQ6wwMTaogg3BW3x5mTQrZe+sXLmtlmpXWRx5OIJjOAUPzqEGN1CHBhBQ8Ayv8OY8OS/Ou/Mxb8052cwh/IHz+QMMfZGO</latexit>

Normalization

Prob. that a random link is connected to a k-node

Degree correlations

qk =
X

k0

p(k0, k) =

P
k0 Ek0,k

Nhki =
kp(k)

hki
<latexit sha1_base64="YgE3QAoO/X8EVpcFd6ypISoNSU0="></latexit>



No correlations: 
degree of a node is independent 
from the degree of others

Total # links 
from k-nodes

No degree correlations

Total # links 
from k’-nodes

Joint prob. that a random link is 
connected to a k-node & a k’-node,
If no degree corralations

p0(k
0, k) = qk ⇥ q0k =

kp(k)k0p(k0)

hki2
<latexit sha1_base64="zbeqLaXlM98rWRJuLXjNRgPp3r0="></latexit>

p0(k
0, k) / E0

k,k0 = kNk ⇥ k0Nk0
<latexit sha1_base64="G2C02NVnajfZ64GTm0n30lu/UVI="></latexit>

qk =
kp(k)

hki
<latexit sha1_base64="OU7FBPrW+ZyfUIpoyHvcEw69aZ4=">AAACEHicbZC7TsMwFIadcivlFmBksagQZamSggQLUgULY5HoRWqiyHGd1orjBNtBqqI+AguvwsIAQqyMbLwNbpoBWn7J0qf/nGP7/H7CqFSW9W2UlpZXVtfK65WNza3tHXN3ryPjVGDSxjGLRc9HkjDKSVtRxUgvEQRFPiNdP7ye1rsPREga8zs1TogboSGnAcVIacszj++9EF5CJxAIZyFMauHJJIMOQ3zICAyhI3KaeGbVqlu54CLYBVRBoZZnfjmDGKcR4QozJGXfthLlZkgoivV9FSeVJEE4REPS18hRRKSb5QtN4JF2BjCIhT5cwdz9PZGhSMpx5OvOCKmRnK9Nzf9q/VQFF25GeZIqwvHsoSBlUMVwmg4cUEGwYmMNCAuq/wrxCOlslM6wokOw51dehE6jbp/WG7dn1eZVEUcZHIBDUAM2OAdNcANaoA0weATP4BW8GU/Gi/FufMxaS0Yxsw/+yPj8AQm6m/s=</latexit>

Prob. that a random link 
is connected to a k-node

Joint prob. that a random link 
connects a k-node & a k’-node 
in uncorrelated networks



Conditional prob. that a random link,
already connected to a k-node,  
is also connected to a k’-node

Remember:

Measuring degree correlations

p(k0|k) = p(k0, k)P
k0 p(k0, k)

<latexit sha1_base64="iqM0tWbxsA6f6Wds0rn4WbaGL8k=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0XaipSkCroRim5cVrAPaEKZTCftkMmDmYlQYv7Bjb/ixoUibt2482+ctBG0euDCmXPuZe49TsSokIbxqRUWFpeWV4qrpbX1jc0tfXunI8KYY9LGIQt5z0GCMBqQtqSSkV7ECfIdRrqOd5n53VvCBQ2DGzmJiO2jUUBdipFU0kA/jKpe5c6rwXNouRzhJHsfebU0sUTsDxKvkn4rA71s1I0p4F9i5qQMcrQG+oc1DHHsk0BihoTom0Yk7QRxSTEjacmKBYkQ9tCI9BUNkE+EnUxvSuGBUobQDbmqQMKp+nMiQb4QE99RnT6SYzHvZeJ/Xj+W7pmd0CCKJQnw7CM3ZlCGMAsIDiknWLKJIghzqnaFeIxUNFLFWFIhmPMn/yWdRt08rjeuT8rNizyOItgD+6AKTHAKmuAKtEAbYHAPHsEzeNEetCftVXubtRa0fGYX/IL2/gUC65xg</latexit>

Prob. that a random link 
is connected to a k-node

Joint prob. that a random link is 
connected to a k-node & a k’-node=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

X

k0

p(k0, k) = qk =
kp(k)

Nhki
<latexit sha1_base64="ecVoD/ir7PZglCIKLBgQt9SdK8U="></latexit>

p(k0, k) =
Ek,k0

Nhki
<latexit sha1_base64="pU+veRfuFZRchVmq3x0miKrWSWc=">AAACFnicbZBNS8MwGMfT+TbnW9Wjl+CQTZijnYJehKEInmSCe4F1jDRLt9A0LUkqjNJP4cWv4sWDIl7Fm9/GbOtBp38I/Pg/z5Pk+bsRo1JZ1peRW1hcWl7JrxbW1jc2t8ztnZYMY4FJE4csFB0XScIoJ01FFSOdSBAUuIy0Xf9yUm/fEyFpyO/UOCK9AA059ShGSlt98ygq+6WKfwjPHU8gnFz1E7/il9I0uYEOQ3zICPShI6aU9s2iVbWmgn/BzqAIMjX65qczCHEcEK4wQ1J2bStSvQQJRbG+r+DEkkQI+2hIuho5CojsJdO1UnignQH0QqEPV3Dq/pxIUCDlOHB1Z4DUSM7XJuZ/tW6svLNeQnkUK8Lx7CEvZlCFcJIRHFBBsGJjDQgLqv8K8QjpeJROsqBDsOdX/gutWtU+rtZuT4r1iyyOPNgD+6AMbHAK6uAaNEATYPAAnsALeDUejWfjzXifteaMbGYX/JLx8Q0cRJ4i</latexit> p(k0|k) = Ek,k0

kp(k)
<latexit sha1_base64="pm54OikDweMrf4vA4BeiC3pmYQw=">AAACC3icbVDLSsNAFJ34rPUVdelmaJG2ICWpgm6EogguK9gHtKFMppN2yGQSZiZCidm78VfcuFDErT/gzr9x2mahrQcuHM65l3vvcSNGpbKsb2NpeWV1bT23kd/c2t7ZNff2WzKMBSZNHLJQdFwkCaOcNBVVjHQiQVDgMtJ2/auJ374nQtKQ36lxRJwADTn1KEZKS32zEJX90oNfgRew5wmEk+t+4h/7pTRNfKi9Sgr7ZtGqWlPARWJnpAgyNPrmV28Q4jggXGGGpOzaVqScBAlFMSNpvhdLEiHsoyHpaspRQKSTTH9J4ZFWBtALhS6u4FT9PZGgQMpx4OrOAKmRnPcm4n9eN1beuZNQHsWKcDxb5MUMqhBOgoEDKghWbKwJwoLqWyEeIR2J0vHldQj2/MuLpFWr2ifV2u1psX6ZxZEDh6AAysAGZ6AObkADNAEGj+AZvII348l4Md6Nj1nrkpHNHIA/MD5/AC9TmT4=</latexit>

Conditional prob. that a random link is connected 
to a k’-node, given that it is connected to a k-node  



Measuring degree correlations
Average degree of the nearest neighbors 
(NN) of nodes with degree k: kNN (k) ⌘

X

k0

k0p(k0|k)
<latexit sha1_base64="vjl2/641dojbv1ReaPk4Iqi2RM4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1XabkpSBV0W3bgqFewDmhAm02k7ZPJwZlIoMT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89bsSokIbxreVWVtfWN/Kbha3tnd09ff+gLcKYY9LCIQt510WCMBqQlqSSkW7ECfJdRjqudz31O2PCBQ2DOzmJiO2jYUAHFCOpJEc/8Zyk0UjLXgVa5D6mY2iJ2HcSr5R6JRiVvdKDV3H0olE1ZoDLxMxIEWRoOvqX1Q9x7JNAYoaE6JlGJO0EcUkxI2nBigWJEPbQkPQUDZBPhJ3MvknhqVL6cBByVYGEM/X3RIJ8ISa+qzp9JEdi0ZuK/3m9WA4u7YQGUSxJgOeLBjGDMoTTaGCfcoIlmyiCMKfqVohHiCMsVYAFFYK5+PIyadeq5lm1dnterF9lceTBETgGZWCCC1AHN6AJWgCDR/AMXsGb9qS9aO/ax7w1p2Uzh+APtM8fZwCafQ==</latexit>

Assortative networks: Increasing kNN(k) Disassortative networks: Decraesing kNN(k)



● Most real, complex networks show degree 
correlations

● In social networks, degree correlations are 
usually positive: assortative networks

● Example: very famous people (with millions of 
followers) follow each other

Real networks



Exercise
Find kNN(k) if there are no 

degree correlations!

Pin board: https://upfbarcelona.padlet.org/chato/v0apheshv2l4hbot

kNN (k) ⌘
X

k0

k0p(k0|k)
<latexit sha1_base64="vjl2/641dojbv1ReaPk4Iqi2RM4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1XabkpSBV0W3bgqFewDmhAm02k7ZPJwZlIoMT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89bsSokIbxreVWVtfWN/Kbha3tnd09ff+gLcKYY9LCIQt510WCMBqQlqSSkW7ECfJdRjqudz31O2PCBQ2DOzmJiO2jYUAHFCOpJEc/8Zyk0UjLXgVa5D6mY2iJ2HcSr5R6JRiVvdKDV3H0olE1ZoDLxMxIEWRoOvqX1Q9x7JNAYoaE6JlGJO0EcUkxI2nBigWJEPbQkPQUDZBPhJ3MvknhqVL6cBByVYGEM/X3RIJ8ISa+qzp9JEdi0ZuK/3m9WA4u7YQGUSxJgOeLBjGDMoTTaGCfcoIlmyiCMKfqVohHiCMsVYAFFYK5+PIyadeq5lm1dnterF9lceTBETgGZWCCC1AHN6AJWgCDR/AMXsGb9qS9aO/ax7w1p2Uzh+APtM8fZwCafQ==</latexit>

p0(k
0, k) = qk ⇥ q0k =

kp(k)k0p(k0)

hki2
<latexit sha1_base64="zbeqLaXlM98rWRJuLXjNRgPp3r0="></latexit>

p(k0|k) = p(k0, k)P
k0 p(k0, k)

<latexit sha1_base64="iqM0tWbxsA6f6Wds0rn4WbaGL8k=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0XaipSkCroRim5cVrAPaEKZTCftkMmDmYlQYv7Bjb/ixoUibt2482+ctBG0euDCmXPuZe49TsSokIbxqRUWFpeWV4qrpbX1jc0tfXunI8KYY9LGIQt5z0GCMBqQtqSSkV7ECfIdRrqOd5n53VvCBQ2DGzmJiO2jUUBdipFU0kA/jKpe5c6rwXNouRzhJHsfebU0sUTsDxKvkn4rA71s1I0p4F9i5qQMcrQG+oc1DHHsk0BihoTom0Yk7QRxSTEjacmKBYkQ9tCI9BUNkE+EnUxvSuGBUobQDbmqQMKp+nMiQb4QE99RnT6SYzHvZeJ/Xj+W7pmd0CCKJQnw7CM3ZlCGMAsIDiknWLKJIghzqnaFeIxUNFLFWFIhmPMn/yWdRt08rjeuT8rNizyOItgD+6AKTHAKmuAKtEAbYHAPHsEzeNEetCftVXubtRa0fGYX/IL2/gUC65xg</latexit>

https://upfbarcelona.padlet.org/chato/v0apheshv2l4hbot


No degree correlations
kNN (k) ⌘

X

k0

k0p(k0|k)
<latexit sha1_base64="vjl2/641dojbv1ReaPk4Iqi2RM4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1XabkpSBV0W3bgqFewDmhAm02k7ZPJwZlIoMT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89bsSokIbxreVWVtfWN/Kbha3tnd09ff+gLcKYY9LCIQt510WCMBqQlqSSkW7ECfJdRjqudz31O2PCBQ2DOzmJiO2jYUAHFCOpJEc/8Zyk0UjLXgVa5D6mY2iJ2HcSr5R6JRiVvdKDV3H0olE1ZoDLxMxIEWRoOvqX1Q9x7JNAYoaE6JlGJO0EcUkxI2nBigWJEPbQkPQUDZBPhJ3MvknhqVL6cBByVYGEM/X3RIJ8ISa+qzp9JEdi0ZuK/3m9WA4u7YQGUSxJgOeLBjGDMoTTaGCfcoIlmyiCMKfqVohHiCMsVYAFFYK5+PIyadeq5lm1dnterF9lceTBETgGZWCCC1AHN6AJWgCDR/AMXsGb9qS9aO/ax7w1p2Uzh+APtM8fZwCafQ==</latexit>

p0(k
0, k) = qk ⇥ q0k =

kp(k)k0p(k0)

hki2
<latexit sha1_base64="zbeqLaXlM98rWRJuLXjNRgPp3r0=">AAACMXicbZDLSgMxFIYz9VbrrerSTbBIW5AyUwXdFIpuuqxgL9CpQybNtGEymTHJCGXoK7nxTcRNF4q49SVM21lo64GQj/8/h5z8bsSoVKY5NTJr6xubW9nt3M7u3v5B/vCoLcNYYNLCIQtF10WSMMpJS1HFSDcSBAUuIx3Xv535nSciJA35vRpHpB+gIacexUhpyck3Iscs+cVzvwxr8NHxoa1oQOQMi7BmewLhxIdRSfta0HexPElshviQEai7xZweqhMnX zAr5rzgKlgpFEBaTSf/ag9CHAeEK8yQlD3LjFQ/QUJRzMgkZ8eSRAj7aEh6GjnSa/WT+Y8n8EwrA+iFQh+u4Fz9PZGgQMpx4OrOAKmRXPZm4n9eL1bedT+hPIoV4XjxkBczqEI4iw8OqCBYsbEGhAXVu0I8QjolpUPO6RCs5S+vQrtasS4q1bvLQv0mjSMLTsApKAELXIE6aIAmaAEMnsEbeAcfxosxNT6Nr0VrxkhnjsGfMr5/AHCrptA=</latexit>

p(k0|k) = p(k0, k)P
k0 p(k0, k)

<latexit sha1_base64="iqM0tWbxsA6f6Wds0rn4WbaGL8k=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0XaipSkCroRim5cVrAPaEKZTCftkMmDmYlQYv7Bjb/ixoUibt2482+ctBG0euDCmXPuZe49TsSokIbxqRUWFpeWV4qrpbX1jc0tfXunI8KYY9LGIQt5z0GCMBqQtqSSkV7ECfIdRrqOd5n53VvCBQ2DGzmJiO2jUUBdipFU0kA/jKpe5c6rwXNouRzhJHsfebU0sUTsDxKvkn4rA71s1I0p4F9i5qQMcrQG+oc1DHHsk0BihoTom0Yk7QRxSTEjacmKBYkQ9tCI9BUNkE+EnUxvSuGBUobQDbmqQMKp+nMiQb4QE99RnT6SYzHvZeJ/Xj+W7pmd0CCKJQnw7CM3ZlCGMAsIDiknWLKJIghzqnaFeIxUNFLFWFIhmPMn/yWdRt08rjeuT8rNizyOItgD+6AKTHAKmuAKtEAbYHAPHsEzeNEetCftVXubtRa0fGYX/IL2/gUC65xg</latexit>

p0(k
0|k) = qkqk0

qk
= qk0

<latexit sha1_base64="d0RESq8U84T84n9sqO77vJiMZxs=">AAACFHicbZDLSsNAFIYn9VbrLerSzWCRVoSSVEE3QtGNywr2Am0Ik+mkHTK5dGYilJiHcOOruHGhiFsX7nwbJ20W2npg4Jv/P4eZ8zsRo0IaxrdWWFpeWV0rrpc2Nre2d/TdvbYIY45JC4cs5F0HCcJoQFqSSka6ESfIdxjpON515nfuCRc0DO7kJCKWj4YBdSlGUkm2fhLZRtWrPHjH8BL2XY5wMrY9OLYTr5KmGafKmF1tvWzUjGnBRTBzKIO8mrb+1R+EOPZJIDFDQvRMI5JWgrikmJG01I8FiRD20JD0FAbIJ8JKpkul8EgpA+iGXJ1Awqn6eyJBvhAT31GdPpIjMe9l4n9eL5buhZXQIIolCfDsITdmUIYwSwgOKCdYsokChDlVf4V4hFQyUuVYUiGY8ysvQrteM09r9duzcuMqj6MIDsAhqAITnIMGuAFN0AIYPIJn8AretCftRXvXPmatBS2f2Qd/Svv8AZvUnVI=</latexit>

Definition of no-correlations: 
p0(k’|k) is independent of k!!

k0NN (k) =
X

k0

k0p0(k
0|k) =

X

k0

k0qk0 =

P
k0 k0k0p(k0)

Nhki =
hki2

hki
<latexit sha1_base64="64JSJXT+0516TM9/QS96skxRxkQ="></latexit>

hk2i
hki

<latexit sha1_base64="x0uu0IGZYCT979Uuyetxr7kO9Bs=">AAACF3icbZDLSgMxFIbP1Futt1GXboJFcDXMVEGXRTcuK9gLdMaSSTNtaCYzJBmhDH0LN76KGxeKuNWdb2N6wUvrD4GP/5yT5PxhypnSrvtpFZaWV1bXiuuljc2t7R17d6+hkkwSWicJT2QrxIpyJmhdM81pK5UUxyGnzXBwOa4376hULBE3epjSIMY9wSJGsDZWx3b8SGKS+xyLHqdocFtBvpzw6Mf8tlDHLruOOxFaBG8GZZip1rE//G5CspgKTThWqu25qQ5yLDUj5sKSnymaYjLAPdo2KHBMVZBP9hqhI+N0UZRIc4RGE/f3RI5jpYZxaDpjrPtqvjY2/6u1Mx2dBzkTaaapINOHoowjnaBxSKjLJCWaDw1gIpn5KyJ9bILSJsqSCcGbX3kRGhXHO3Eq16fl6sUsjiIcwCEcgwdnUIUrqEEdCNzDIzzDi/VgPVmv1tu0tWDNZvbhj6z3L9C/n7E=</latexit>



Friendship paradox
Average degree (number of friends) 
of a randomly chosen node (you): <k>

Average degree (number of friends) 
of a k-node (your friend with k friends): kNN(k)

If no degree correlations: 
kNN(k) = <k^2> / <k>

Variance of 
degree distribution

hk2i =
X

k

k2p(k)
<latexit sha1_base64="ogfBDfS3yGQR3CzvN/NMJh212/8=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAp1E1JqqAboejGZQV7gSaGyXTSDplMwsxEKKFP4MZXceNCEbeu3fk2TtMstPWHgY//nMOZ8/sJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScIoJx1FFSP9RBAU+Yz0/PB6Vu89ECFpzO/UJCFuhEacBhQjpS3PrDkM8REjMLxvQkfM+RI6Mo28MDeTenjimVWrYeWCy2AXUAWF2p755QxjnEaEK8yQlAPbSpSbIaEoZmRacVJJEoRDNCIDjRxFRLpZfs4U1rQzhEEs9OMK5u7viQxFUk4iX3dGSI3lYm1m/lcbpCq4cDPKk1QRjueLgpRBFcNZNnBIBcGKTTQgLKj+K8RjJBBWOsGKDsFePHkZus2Gfdpo3p5VW1dFHGVwBI5BHdjgHLTADWiDDsDgETyDV/BmPBkvxrvxMW8tGcXMIfgj4/MHV86aXw==</latexit>

hki =
X

k

kp(k)
<latexit sha1_base64="pVqH+kzmE5ZPBqIk2lYpNoi9ux8=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1C3ZSkCroRim5cVrAXaEKYTCftkJlJmJkIJXTtxldx40IRtz6BO9/GaZuFtv4w8PGfczhz/jBlVGnH+baWlldW19ZLG+XNre2dXXtvv62STGLSwglLZDdEijAqSEtTzUg3lQTxkJFOGN9M6p0HIhVNxL0epcTnaCBoRDHSxgrsI48hMWAExtCTM7qCnsp4EBsrrcangV1xas5UcBHcAiqgUDOwv7x+gjNOhMYMKdVznVT7OZKaYkbGZS9TJEU4RgPSMygQJ8rPp6eM4Ylx+jBKpHlCw6n7eyJHXKkRD00nR3qo5msT879aL9PRpZ9TkWaaCDxbFGUM6gROcoF9KgnWbGQAYUnNXyEeIomwNumVTQju/MmL0K7X3LNa/e680rgu4iiBQ3AMqsAFF6ABbkETtAAGj+AZvII368l6sd6tj1nrklXMHIA/sj5/AOGFmRc=</latexit>

average of 
degree distribution

hk2i > hki2
<latexit sha1_base64="AS0rC7e0VvXIK362MKHdkS+G9N4=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoSBV1J0Y3LCvYCTVom05N26GQSZiZCKX0GN76KGxeKuHXlzrdxelG09YeBn++cw5nzhylnSjvOp7WwuLS8sppby69vbG5t2zu7VZVkkkKFJjyR9ZAo4ExARTPNoZ5KIHHIoRb2rkb12h1IxRJxq/spBDHpCBYxSrRBLfvY50R0OOBe08O+nPgL/EO/WdNr2QWn6IyF5407NQU0Vbllf/jthGYxCE05UarhOqkOBkRqRjkM836mICW0RzrQMFaQGFQwGJ80xIeGtHGUSPOExmP6e2JAYqX6cWg6Y6K7arY2gv/VGpmOzoMBE2mmQdDJoijjWCd4lA9uMwlU874xhEpm/oppl0hCtUkxb0JwZ0+eN1Wv6J4UvZvTQulyGkcO7aMDdIRcdIZK6BqVUQVRdI8e0TN6sR6sJ+vVepu0LljTmT30R9b7Fyi1nIU=</latexit>

�2 = hk2i > hki2 > 0
<latexit sha1_base64="rxG+W7csAiPRAZdtmTzHiFQ5s74=">AAACIXicbZDLSgMxFIYz9VbrbdSlm2ARXJWZKtiNpejGZQV7gc5YMmmmDU0yQ5IRytBXceOruHGhSHfiy5i2I2rrgcCf7z+H5PxBzKjSjvNh5VZW19Y38puFre2d3T17/6CpokRi0sARi2Q7QIowKkhDU81IO5YE8YCRVjC8nvqtByIVjcSdHsXE56gvaEgx0gZ17YqnaJ+j+zK8hB5Dos8IHJqbJ+e6+kO/mXGr0OnaRafkzAouCzcTRZBVvWtPvF6EE06Exgwp1XGdWPspkppiRsYFL1EkRniI+qRjpECcKD+dbTiGJ4b0YBhJc4SGM/p7IkVcqREPTCdHeqAWvSn8z+skOqz4KRVxoonA84fChEEdwWlcsEclwZqNjEBYUvNXiAdIIqxNqAUTgru48rJolkvuWal8e16sXWVx5MEROAanwAUXoAZuQB00AAaP4Bm8gjfryXqx3q3JvDVnZTOH4E9Zn1+Ro6FD</latexit>

hk2i
hki > hki

<latexit sha1_base64="yCCDMS2Ma8ExoTHP6UTbKuz3ZgY=">AAACKnicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJFXQlVTcuK9gLNLFMppN26GQSZiZCCX0eN76Kmy6U4tYHcdoGL60/DPx85xzOnN+POVPatidWbmV1bX0jv1nY2t7Z3SvuHzRUlEhC6yTikWz5WFHOBK1rpjltxZLi0Oe06Q9up/XmE5WKReJBD2PqhbgnWMAI1gZ1itduIDFJXY5Fj1M0eKwgV8786Ad+I3SFlmCnWLLL9kxo2TiZKUGmWqc4drsRSUIqNOFYqbZjx9pLsdSMmB0FN1E0xmSAe7RtrMAhVV46O3WETgzpoiCS5gmNZvT3RIpDpYahbzpDrPtqsTaF/9XaiQ4uvZSJONFUkPmiIOFIR2iaG+oySYnmQ2Mwkcz8FZE+Ntlpk27BhOAsnrxsGpWyc1au3J+XqjdZHHk4gmM4BQcuoAp3UIM6EHiGV3iDd+vFGlsT62PemrOymUP4I+vzCzazpxw=</latexit>

Your friends have more friends than you have! 

<

Your average 
number of friends

Your friends’ average 
number of friends



18/Source: Whillans et al. 2017. Image credit: The Harvard Gazette.

https://doi.org/10.1177/0146167217727496
https://news.harvard.edu/gazette/story/2017/09/college-freshmen-often-believe-friends-are-having-more-fun/
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Another way to look at the friendship paradox:

The consequences of
different sampling methods



20/

Exercise   Consequences of sampling methods

What is the probability of 
selecting Tom if we select a 
random node?

What is the probability of 
selecting Tom if we select a 
random edge and then 
randomly one of the two 
nodes attached to it?

Pin board: https://upfbarcelona.padlet.org/chato/ocpl5n14i8hrkr4i

https://upfbarcelona.padlet.org/chato/ocpl5n14i8hrkr4i
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Sampling a random node

vs

Sampling a random neighbor
of a random node
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Average degree
of friends

Average degree
(1 + 3 + 3 + 1 + 4 + 2 + 2)/7 = 16/7 ≃ 

2.29

Average degree of friends of ...
… Mary: 3
… Nancy: (1+4+3)/3 = 8/3
…
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Average degree
of friends

Average degree
(1 + 3 + 3 + 1 + 4 + 2 + 2)/7 = 16/7 ≃ 2.29

Average degree of friends of ...
… Mary: 3
… Nancy: (1+4+3)/3 = 8/3
… Tara: 3
… Bob: (1+3+4)/3 = 8/3
… Tom: (3+3+2+2)/4 = 10/4
… John: (4+2)/2 = 3
… Pam: (4+2)/2 = 3
Average degree of friends ≃ 2.83     (> 2.29)
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The friendship paradox

Take a random person x; what is the expected degree of 
this person?
It is <k>

Take a random person x, now pick one of x’s neighbors, 
let’s say y; what is the expected degree of y?
It is not <k>, it is <k2>/<k> 
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The friendship paradox can be useful

Examples:
As a marketing strategy: if u invites a friend v to 

buy/use a product, it is likely that v has many friends, 
and hence it is relevant for marketing that v buys/use 
the product

As a vaccination strategy: instead of offering a vaccine 
to random people, ask them to name a friend, offer the 
vaccine to those people, who will have larger degree
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Imagine you’re at
a random airport on earth

Is it more likely to be …
a large airport or a small airport?

If you take a random flight out of it …
will it go to a large airport or a small airport?
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An example of friendship paradox

Pick a random airport on Earth
Most likely it will be a small airport

However, no matter how small it is, it will have flights 
to big airports

On average those airports will have much larger 
degree



Summary



Things to remember

● How to quantify degree correlations:
− Positive: assortative networks
− Negative: disassortative networks
− Neutral networks

● Friendship paradox



Sources

● A. L. Barabási (2016). Network Science – Chapter 
07

● F. Menczer, S. Fortunato, C. A. Davis (2020). A 
First Course in Network Science – Chapter 02

● URLs cited in the footer of specific slides

http://networksciencebook.com/chapter/2
http://networksciencebook.com/chapter/2

