Graph theory: Connectivity

Introduction to Network Science

Instructor: Michele Starnini — https://github.com/chatox/networks-science-course

upf.

Universitat
Pompeu Fabra
Barcelona



https://github.com/chatox/networks-science-course

Contents

. Paths and distances
. Connected components
. Small worlds



Paths and distances



Euler circa 1736: Koningsberg bridges

Q: Can you cross all 7 bridges  A: No. At most two nodes (start, end)
just once each? may have odd degree



Paths: sequences of edges

. The destination of each edge
IS the origin of the next edge 0 e

- In directed graphs, paths follow
the direction of the edges

. The length of the path is the e 9
number of edges on it

- Example: path in orange has G
length 5



Paths and diameter

We can use the shortest paths to characterize a network:

The diameter is the longest shortest-path length, or the maximum of the
shortest path lengths across all pairs of nodesfmax = "}-f}x{) ij
The average path length (APL) is the average of the shortest path lengths
across all pairs of nodes ~ X;;¢; 2% ;4
() “NW-D

Undirected network:

2 tij
Directed network: (£ = oy,



Paths and diameter

What if there is not a path between one or more pairs of nodes?
We can say APL and diameter are undefined (as NetworkX does)

We can measure APL and diameter within the largest connected component

(defined later) 1\ 1

We can use a mathematical trick: () = (I;I)




Distance

. If two nodes i, | are in the same connected
component:

- the distance between i and j, denoted by d; is the
length of the shortest path between them

. If they are not in the same connected component,
the distance is by definition infinite («)



Undirected Directed

Blue =
shortest path
between
nodes a and b

Unweighted

Weighted



https://cambridgeuniversitypress.github.io/FirstCourseNetworkScience/

Diameter

. The diameter of a network is the maximum distance

between two nodes on it, d, ..,

. The effective diameter (or effective-90% diameter) is
a number d such that 90% of the pairs of nodes (i)
are at a distance smaller than d

. The average distance is <d>, and is measured only
for nodes that are in the same connected component



Connected components



Connectedness

. |If a path exists between two nodes |, j: those nodes
are part of the same connected component

. A connected graph has only one connected
component

. A singleton is a connected component with only
one node



Connected graphs

A disconnected graph has an adjacency matrix
that can be arranged in block diagonal form

b. g
b. connected G\A




Connectedness in directed graphs

. A directed graph is strongly connected if it has
only one connected component

. A directed graph is weakly connected if, when
seen as undirected, has only one connected
component



Connectedness example
(undirected)

Undirected

O—0O

O

. IS not connected
. Has 3 connected

components

. One of the connected

components is a
singleton



Connectedness example (directed)

Directed

OO

O

. Is not strongly connected
. Is not weakly connected
. Has 3 connected

components



Quick exercise

Find the strongly connected components

https://www.programiz.com/dsa/strongly-connected-components



https://www.programiz.com/dsa/strongly-connected-components

Finding shortest paths

One algorithm used to find shortest root
paths is called breadth-first search

Start from a source node (root)

layer 1
Visit the entire breadth of the

network, within some distance from
the source, before we move to a layer 2
greater depth, farther away from the
source

layer 3
Start from each node to find all-
pairs-shortest-paths (slow: O(N?))



Breadth-first
search (BFS)

Each node has an attribute storing its distance {
from the source, initially £ = —1 except {(source) =0

A queue (FIFO) holds the frontier, initially contains frontier
the source ®

A directed shortest path tree, initially all the nodes
and no links

Iterate until the frontier is empty:

. Remove next node i in frontier
. For each successor j of i with £(j) = —1:
. Queue j into frontier

. £) = £(j) + 1
. Add link (i — j) to shortest-path tree

frontier

OJOJOXOXCXOXT




Distance In real networks

How close or far are two nodes in a social
network?

Let us start by considering coauthorship networks,
in which nodes are scholars and links represent
two people having coauthored one or more
publications

Paul Erdos: Considered the father of graph theory
together with Alfréd Rényi

He collaborated with over 500 coauthors: a hub in
the coauthorship network!

Image by Kmhkmh - CC BY 3.0
https://commons.wikimedia.org/w/index.php?curid=38087162



Erdds number

Erd6s ego coauthorhip network

- An author's Erdds number is the length of the
shortest path between them and Erdds in the
coauthorship network

- Many mathematicians are proud to have a small
Erdés number

Tool to compute one's Erdés number:

mathscinet.ams.org/mathscinet/collaborationDistance.html



https://mathscinet.ams.org/mathscinet/collaborationDistance.html
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Six Degrees of Kevin Bacon
8!

Idris Elba

’
¥ ALY
P},q;:,..

Becio |

Del Toro

Short paths are found among all authors, not just
Erdés...

...And in all social networks, not just
coauthorship

bHal I‘Berr’

Paul

Consider the movie co-star network as a second G
example

Let's play the Oracle of Bacon game:
oracleofbacon.org

Denzel
Washington

| .
b 1=2
"n' Oprah i
Leonardo Winfrey
DiCaprio

Not just Kevin Bacon...

Can you find two stars separated by more that .
four links? Play the game and try! charie

Chaplinﬂ



http://oracleofbacon.org/

Small worlds

What have we learned? Social networks tend to have very short paths

Six degrees of separation: the idea that any two people are at most six steps away
from each other in the social network

First idea was in the short story “Chains” by Hungarian writer Frigyes Karinthy in
1929

Psychologist Stanley Milgram provided first evidence in 1967 through a famous
experiment to measure the social distance between any two people in the US

John Guare coined the term “six degrees of separation” in a 1991 play (movie, too)



Milgram's experiment

Instructions: send to personal acquaintance
who is more likely to know target

160 letters to people in Omaha, NE and
Wichita, KS

2 targets in Mass: the wife of a student in
Sharon and a stockbroker in Boston

42 letters made it back (only 26%)
Average: 6.5 steps (range: 3-12 steps)

Much lower than most people expected!

“Small world” effect is still surprising



More small world
experiments

. Milgram's experiment was replicated in 2003 by
Yahoo Research using email

. 18 targets in 13 countries

. 384 completed chains out of more than 24
thousand started

. APL = 4 but when accounting for broken
chains, estimated median PL of 57 steps

. Replicated by researchers at Facebook and
University of Milan in 2011

. 721 million active Facebook users
. 69 billion friendships
. APL = 4.74 steps: even shorter!

YAHOO! RESEARCH

About the Experiment

The Small World Experiment is designed to test the hypothesis
that anyone in the world can get a message to anyone else in
just "six degrees of separation” by passing it from friend to friend.
Sociologists have tried to prove (or disprove) this claim for

decades, butitis still unresolved.

Now, using Facebook we finally have the technology to put the
hypothesis to a proper scientific test. By participating in this
experiment, you'll not only get to see how you're connected to
people you might never otherwise encounter, you will also be

helping to advance the science of social networks.

Ehe New Yok Times

MALL WORLD EXPERIMENT

Become a Sender
We have already recruited a number of Target
Persons from around the world.

Now we want you to try to reach them by becoming
a Sender

Click on the Participate Button below, and you'll be
shown your assigned target. Then you'll getto
choose a friend to pass the message to. That
person will then get the same instructions, and so
on...

If everyone passes the messages along, your
message will reach the target. How many steps will
ittake? There's only one way to find out.

Continue
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scientists at Facebook and the
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Short paths

What do we mean by "short paths"? When can we call a path "short"?
It depends on the size of the network!

Observe the relationship between APL and network size when considering
networks (or subnetworks) of different sizes

We say that the average path length is short when it grows very slowly
with the size of the network, say, logarithmically:

(£) ~ logN



Small worlds

Sma” WO rIdS Netwo rkS Table 2.1 Average path length and clustering coefficient of various network

examples. The networks are the same as in Table 1.1, their numbers of nodes
. and links are listed as well. Link weights are ignored. The average path length
examples:

is measured only on the giant component; for directed networks we consider
directed paths in the giant strongly connected component. To measure the
clustering coefficient in directed networks, we ignore link directions.

Air transportation, the Internet, -

e . . Nodes Links Average path Clustering

th e We b , a n d WI kl ped Ia . Network (N) (L)  length ({¢)) coefficient (C)
Facebook Northwestern Univ. 10,567 488,337 21 0.24

IMDB movies and stars 563,443 921,160 12.1 0

IMDB co-stars 252,999 1,015,187 6.8 0.67

H . H H Twitter US politics 18,470 48,365 5.6 0.03
Exceptions: grid-like networks Bnvon Bl srars  s20ns 36 012
Wikipedia math 15,220 194,103 3.9 0.31

Internet routers 190,914 607,610 7.0 0.16

US air transportation 546 2,781 3.2 0.49

World air transportation 3,179 18,617 4.0 0.49

Yeast protein interactions 1,870 2207 6.8 0.07

Most real, complex networks  ciiii
Everglades ecological food web 69 916 2.7 0.55

are small worlds!



Summary



Things to remember

. Distance, diameter, effective diameter
- In directed and undirected graphs

. Connected components
- In directed and undirected graphs
- d graphs
. Small words networks
- Milgram’s experiment
- Examples of MW networks



Sources

. A. L. Barabasi (2016). Network Science -
Chapter 01

. F. Menczer, S. Fortunato, C. A. Davis (2020). A
First Course in Network Science — Chapter 02

. URLs cited in the footer of specific slides



http://networksciencebook.com/chapter/1

Practice on your own

. Measure the sparsity of this graph  L/L,,..
. (ignore direction of links)

l Ali Tris _Lﬂl ) Meg

.8



Practice on your own (cont.)

. Compute the distance between two nodes

. Compute the diameter of a graph
. ldentify connected components



